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Abstract. This article focuses on the application of nonparametric statistical inference
methods in astronomy, aiming to reveal the potential distribution of physical characteristics
of Saturn’s regular satellites. Based on the Kolmogorov-Smirnov test, we fit the eight physical
features (equatorial radius, equatorial circumference, volume, density, mass, surface area,
surface gravity, and escape velocity) of Saturn’s regular satellite data one by one. It is
found that except for the two characteristics of density and surface gravity, which obey
the Stable distribution and the generalized Pareto distribution, respectively, the best-fitting
distributions of the other six physical characteristics are all Lognormal distributions. The
rationality of this result is verified by comparison with the cumulative distribution function
derived from an analytical perspective. In addition, an example of predicting the physical
properties of Saturn’s satellite Pandora is added to illustrate the effectiveness of distribution
inference to further illustrate in practical applications.
Key words: Saturn’s regular satellites; physical characteristics; Kolmogorov-Smirnov test;
Lognormal distribution

1 Introduction

In October 2019, the team of Sheppard at the Carnegie Institute for Science in
the United States announced the newly discovered 20 Saturn satellites (Shep-
pard 2019). This discovery made Saturn become the planet with the most
satellites in the solar system by having 82 natural satellites. Saturn’s satellites
can be divided into regular and irregular satellites, which can be mathemati-
cally represented as a function of orbital eccentricity, orbital inclination, and
distance from Saturn (Denk et al. 2018). More detailed information can be
found in . Saturn and its satellites are usually called ”the small solar sys-
tem”. Researchers are keen to study the Saturn system with multiple satel-
lites (Canup 2010, Dones et.al 2009, Hirata 2016, Castillo-Rogez et.al 2019,
Dorofeeva 2016, Dubinski 2019, Mitri et al. 2021, Hand et.al 2020, Neveu &
Rhoden 2019). The research results will be helpful to predict the unknown
nature of natural satellites, understand the relationship between satellites and
reveal their origins. In the future, when natural resources are increasingly de-
pleted, Saturn and its satellites may even become an important place to obtain
resources.

With the help of space telescopes and space probes, such as the Cassini
spacecraft, scientists can obtain relevant data on most planets. However, in
the case of satellites, data is sometimes difficult to obtain or inaccurate. It is
a significant effort to apply statistical knowledge to the study of planets and
establish mathematical models based on statistical results to help us better
understand some of the laws behind the data (Gao et al. 2018). Gao et al.
(2018 & 2021) determined the best-fitting distribution of each physical fea-
ture based on the p-value of the Kolmogorov-Smirnov (K-S) test. When they
studied the physical distribution of the irregular moons of Jupiter by fitting,
they found that in most cases, the Loglogistic distribution is the best. Ac-
cording to the K-S test, the best-fitting distribution of physical properties
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may be affected by the number of satellites and the fitted distribution func-
tion. Theoretically, more satellites and fitting distribution functions will make
the best-fitting distribution result more accurate. With the discovery of more
Saturn satellites, the question whether there are specific laws in the physical
properties of Saturn satellites has attracted many researchers. For example,
Tattersa (2013) proposed that the physical properties of planets exhibit Log-
normal distribution, and Müller (2010 & 2015) proposed that the distribution
of mass and orbital period in the Saturn’s satellite system can be described
according to the scaling law: M = µTD, where M is the mass of the satellite,
T is the orbital period, D and µ are constants. When studying the particles in
the inner magnetosphere of Saturn, Mart́ınez-Gómez et al. (2017) selected six
probability distribution functions: Normal, Exponential, Logistic, Lognormal,
Weibull, and Extreme values to fit the physical system. The logistic distri-
bution is regarded as the best fitting distribution of the system according to
the Anderson-Darling statistics. In addition, Demer’s law and Titius-Bode’s
law can also approximate the distribution of planets in the solar system to
a certain extent (Ballesteros et al. 2019, Huang 2014, Bovaird & Lineweaver
2013), although there is no strict mathematical explanation yet. On this basis,
Bovaird & Lineweaver (2013) analyzed the planet’s orbital period and success-
fully predicted the existence of five exoplanets; by determining the diameters
of Himalia and Phoebe, Grav et al. (2015) predicted the diameters and albedo
of 12 satellites that were not accurately measured. It is speculated from similar
albedo that they may have a common origin.

This paper aims to use the K-S non-parametric test method to study the
physical characteristics of Saturn’s regular satellites and reveal the possible
distribution laws hidden behind the data. See Appendix A for the relevant
data on the physical characteristics (equatorial radius, equatorial circumfer-
ence, volume, density, mass, surface area, surface gravity, and escape velocity).
The structure of this paper is as follows: Section 2 introduces the theoretical
method (K-S test) used in this paper. In Section 3, the MATLAB mathe-
matical software is used to fit the distribution of each physical characteristic
based on the K-S test. Among 22 common distribution functions, it is found
that the main best-fitting distribution of the physical characteristics of regu-
lar satellites is the Lognormal distribution. Section 4 verifies the feasibility of
the results of statistical inference based on the relationship between the phys-
ical characteristics of the satellites. In Section 5, a specific example will be
used to demonstrate the effectiveness of the K-S test in predicting the phys-
ical characteristics of the satellite Pandora. This paper ends with Section 6,
which summarizes the results of applying statistical inference to the physical
characteristics of Saturn’s satellites.

2 Theoretical method

Both natural sciences and social sciences are faced with the problem of dealing
with data obtained through various observations or experiments. Regardless
whether it is based on actual needs or curiosity, we all hope to reveal the
statistical laws hidden behind these data, and infer which types of regular
distributions fit a bunch of seemingly disorderly data. Of course, they may
indeed belong to chaotic distribution in nature. The K-S test is a commonly
used statistical test method to solve such problems.
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The K-S test is a non-parametric test method of goodness-of-fit. It judges
whether the empirical distribution of sample observations is consistent with an
existing theoretical distribution based on the cumulative distribution function.
By analyzing the difference between the two distributions, we can determine
whether there are sufficient reasons to believe that the observations of the
sample come from the population of the given theoretical distribution. Let
Sn(x) be the empirical distribution function of sample observations, and S(x)
be a specific theoretical distribution function, then we define the difference
between the two distributions as D = |Sn(x) − S(x)|. When x is fixed, if the
difference between Sn(x) and S(x) is very small, that is, the value of D is very
small, it indicates that the fitting degree between the empirical distribution
function and this specific theoretical distribution function is very high, so we
have sufficient reason to believe that the sample data comes from the given
theoretical distribution function.

The K-S test mainly examines the largest deviation in the value of D,
which is represented by Dmax = max |Sn(x)−S(x)|. The steps of K-S test are
as follows:

(1). Propose the null hypothesis H0 : Sn(x) = S(x) and the alternative
hypothesis H1 : Sn(x) 6= S(x), which is to assume whether this set of data
obeys a specific theoretical distribution function;

(2). Calculate the D value corresponding to each x value and find the
largest statistic Dmax;

(3). According to the number of sample data n and the significance level α,
compare Dmax with the critical value D(n, α), then one can determine whether
to reject the null hypothesis. If the Dmax ≥ D(n, α), then the null hypothesis
H0 is rejected; if the Dmax < D(n, α), one cannot reject the null hypothesis
H0, but it does not mean that the null hypothesis is acceptable.

In addition to the D value, the p-value can better reflect the evidence
that the sample data support the null hypothesis. In general, the minimum
significance level of rejecting the null hypothesis H0 is called p-value in a
certain hypothesis testing problem. It is the probability of sample observation
or more extreme results occurring when the null hypothesis is true. The larger
the p-value, the more likely that the null hypothesis will be satisfied. Therefore,
we do not have sufficient evidence to reject the null hypothesis; the smaller
the p-value, the less likely the null hypothesis will be. According to a given
significance level α (for example, we take α = 0.05 in this paper), when p ≤
0.05, the null hypothesis is considered invalid, that is, the sample data does
not obey the given theoretical distribution; the null hypothesis H0 is retained
under the significance level α when p > 0.05.

In the actual hypothesis testing process, we often encounter the same sam-
ple data that may not reject multiple theoretical distribution functions. How
should we choose the best theoretical distribution function? We could choose
the distribution with the largest p-value as the best-fitting distribution and
consider the confidence interval of the parameter if the p-value is similar.

3 Inference Results of Physical Characteristic Distribution

This section will explore the possible distribution laws of the physical char-
acteristics of Saturn’s regular satellites (see Appendix A), so that researchers

78



F.B. Gao, H. Cheng

can better understand the relevant characteristics of these satellites and can
use these potential laws to study further the satellites of Saturn for which
there is no sufficient data available yet and even help discover new ones.

According to the method introduced in the previous section, we performed
one-sample K-S test on the eight physical characteristics (i.e. equatorial ra-
dius, equatorial circumference, volume, density, mass, surface area, surface
gravity, and escape velocity) of Saturn’s regular satellites one by one (see
Appendix B), and obtained the corresponding best-fitting distribution. The
specific types of best-fitting distributions are listed in Table 1. Except for the
density, which obeys the Stable distribution, and the surface gravity, which
obeys the Generalized Pareto distribution, the best-fitting distributions of the
other six physical characteristics are the Lognormal distribution. The p-values
in Table 1 indicate that the p-values of these six physical characteristics are
all greater than 0.988, which gives us reason to believe that the Lognormal
distribution has an excellent performance in fitting the physical properties of
these satellites. However, although the best-fitting of the surface gravity is the
Generalized Pareto distribution, it is noticed that the p-values corresponding
to this distribution and the Lognormal distribution differ by only about 0.07,
which is almost negligible. If the range of the confidence interval is also con-
sidered (See Table 2), it seems that the Lognormal distribution can be used as
a best-fitting alternative for the surface gravity. In short, the results of the in-
ference of the distribution of Saturn’s regular satellites support the Lognormal
distribution. This distribution can better describe the physical characteristics
of Saturn’s regular satellites compared with other known distributions.

The Lognormal distribution sometimes referred to as the Galton distribu-
tion, is obtained after logarithmic transformation of the Gaussian distribution
(also known as the Normal distribution), just like the Logistic distribution
after logarithmic transformation is the Loglogistic distribution. The Lognor-
mal distribution applies when the variable must be positive, since ln(x) is
only available when x is positive. If x follows the Lognormal distribution with
location parameter µ and scale parameter σ, then ln(x) obeys the Normal dis-
tribution with the mean value of µ and the standard deviation of σ. Similarly,
if x follows the Normal distribution with the parameters µ and σ, then exp(x)
obeys the Lognormal distribution with two parameters µ and σ.

The probability density function of the Lognormal distribution is as follows:

f(x|µ, σ) = 1

xσ
√
2π

exp
−(lnx− µ)2

2σ2
, (1)

and the cumulative distribution function of Lognormal distribution can be
expressed as:

F (x|µ, σ) = 1

σ
√
2π

∫ x

0

1

t
exp

−(ln t− µ)2

2σ2
dt, (2)

where −∞ < µ < +∞ is the mean of the logarithmic values and non-negative
σ is the standard deviation of the logarithmic values.
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Table 2: Comparison of two distributions with close p-values when fitting sur-
face gravity.

Characteristic Parameters Confidence Intervals p-value

Generalized Pareto

k = 2.84814 k ∈ [1.19334, 4.50295]

0.8822σ = 20.5499 σ ∈ [5.91591, 71.3836]
θ = 0 θ = 0

Lognormal
µ = 4.35907 µ ∈ [3.10669, 5.61144]

0.8095σ = 2.89612 σ ∈ [2.23984, 4.09902]

The p-value may be a good reflection of the adjustment effect between
the sample observation data and the distribution function, and we draw the
real observed CDF and the best-fitting CDF of physical characteristics to
understand the relationship between the size of the p-value and the fitting
effect more intuitively. It can be seen from Figures 1 and 2 that there is a
close relationship between the size of the p-value and the fitting effect of the
function. For example, the best-fitting distribution of density is the Stable
distribution, and its p-value is only 0.3440, while the best-fitting distribution
of the equatorial radius is the Lognormal distribution, and its p-value reaches
0.9957. The fitting effect of the Stable distribution of density is not as good
as the fitting effect of the equatorial radius.
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(c) Comparison of the real Observed CDF and the Best-fitting CDF of
Mass.
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Fig. 1: The real Observed CDF and the Best-fitting CDF of six physical char-
acteristics with Lognormal distribution.
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Fig. 2: The real Observed CDF and the Best-fitting CDF of two physical char-
acteristics without Lognormal distribution.

4 Validation of Statistical Inference

In the previous section, we obtained that the Lognormal distribution is the
best-fitting distribution of the physical characteristics of Saturn’s regular satel-
lites. At the same time, it should be noted that there may be a certain relation-
ship between different physical characteristics, such as the nonlinear relation-
ship between equatorial radius (R) and surface area (S), S = g(R) = 4πR2,

R(S) =
√

S/4π. It is easy to find that both g(R) and R(S) are strictly mono-
tonically increasing with respect to R and S, respectively. Denote the proba-
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bility density function obtained by statistical prediction of R as fpre,R(R|µ, σ),
note that the best distributions of R and S are Lognormal distributions, and
the corresponding distribution parameters are (µ = 3.21852, σ = 2.70957) and
(µ = 9.50876, σ = 4.95446), so the probability density function fana,S(S|µ, σ)
of S which is analytically derived from R can be written as

fana,S(S|µ, σ) = fpre,R(R(S)|µ, σ)|R′(S)|

=
1

4
√
πS

fpre,R(
√

S/4π|µ, σ)

=
1

2σ
√
2πS

exp

[

−(ln
√

S/4π − µ)2

2σ2

]

=
0.0736

S
exp

[

−0.0681
(

ln(0.2821
√
S)− 3.21852

)2
]

(3)

and the probability density function fpre,S(S|µ, σ) of S obtained through sta-
tistical prediction can be expressed as

fpre,S(S|µ, σ) =
1

Sσ
√
2π

exp
−(lnS − µ)2

2σ2

=
0.0805

S
exp

[

−0.0204 (lnS − 9.50876)2
]

(4)

The graphs of fpre,S and fana,S are drawn with MATLAB, these two graphs
agree very well obviously (see Figure 3).

Similarly, the volume V obeys the Lognormal distribution with parameters
µ = 11.8913 and σ = 7.44553, it is easy to get that V = 4πR3/3 is strictly
monotonically increasing with respect to R, also the derivative are V ′(R) =

4πR2 and R′(V ) = (3/4π)
1
3

3 V −
2
3 . So there are

fana,V (V |µ, σ) = fpre,V (R(V )|µ, σ)|R′(V )|

=
(3/4π)

1
3

3
V −

2
3 fpre,R



(
3V

4π
)

1

3 |µ, σ





=
0.0491

V
exp

[

−0.0681
(

ln(0.6204V
1
3 )− 3.21852

)2
]

.

(5)

and

fpre,V (V |µ, σ) = 1

V σ
√
2π

exp
−(ln(V )− µ)2

2σ2

=
0.0536

V
exp

[

−0.0090 (lnV − 11.8913)2
]

.

(6)

We use the MATLAB again to draw the graphs of fpre,V and fana,V as
shown in the Figure (4), and the two graphs are in good agreement.
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5 Application of Statistical Inference Results

We inferred that the Lognormal distribution is the best-fitting distribution of
regular satellites through the K-S test in Section 3, and verified the rational-
ity of this statistical inference in Section 4. In this section, we will show the
application of this inference method. Without loss of generality, now we as-
sume that some data of the physical characteristics such as equatorial radius,
equatorial circumference, volume, mass, surface area, and escape velocity of
Saturn’s satellite Pandora are missing or at least not well studied, and then
based on the data of the rest of Saturn’s regular satellites, use the K-S test to
determine the best-fitting distribution of each physical feature. The specific
results are listed in Table 3. The results show that the Lognormal distribution
is still the best-fitting distribution for other regular satellites.

Note that ln(x) will follow Normal distribution with mean µ and standard
deviation σ when x follows Lognormal distribution with parameters µ and σ.
Therefore, according to Table 3, we list the predicted data of the six phys-
ical characteristics of the Pandora satellite mentioned above and the actual
data (see Appendix A) after taking the logarithm in Table 4, where R is the
equatorial radius, C is the equatorial circumference, V is the volume, D is the
density, M is the mass, A is the surface area, G is the surface gravity and EV
is the escape velocity. It is easy to find that the predicted values are very close
to the observed values.

In addition, although we also know that the best-fitting distribution of
Pandora’s density follows a Stable distribution, the parameter α is less than
1, making the corresponding mean value tend to infinity, which has no actual
physical meaning. For surface gravity, although the logarithmic mean value
of the best-fitting Birnbaum Saunders distribution is 7.3393, the range of its
confidence interval is too wide. If the width of the confidence interval and
the log-normal distribution of the other six features are considered to pre-
dict the density and surface gravity of Pandora, their mean values are 6.5159
and 4.3593, and the actual density and surface gravity values are 6.1940 and
4.3536 respectively. The comparison between the predicted and actual values
of Pandora’s various physical properties is shown in Figure 5. The slight error
between them illustrates the substantial effect of the Lognormal distribution
in predicting the physical properties of satellites.
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Table 4: Prediction of physical characteristics based on Lognormal distribu-
tion.

Characteristic Predictive value Actual value

ln(R) 3.19595 3.73767
ln(C) 5.318 5.544
ln(V) 11.8613 12.5511
ln(M) 39.1116 39.4695
ln(A) 9.489 9.943
ln(EV) 3.18009 4.34381
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Figure 5: Comparison of Pandora’s actual and predicted values.

6 Conclusions

This paper uses the K-S non-parametric test method to carry out statistical
research on the equatorial radius, equatorial circumference, volume, density,
mass, surface area, surface gravity, and escape velocity of Saturn’s regular
satellites. We use the MATLAB software to assist in finding that six of the
eight physical features (except for density and surface gravity) can be charac-
terized by the lognormal distribution as the best-fitting distribution function.
It is noted that the particle size distribution produced by random impact
crushing is one of the broad applications of the lognormal distribution. This
fact inspires us to suspect that these satellites may admit a common origin.
They are likely to be fragments of the parent body that are shattered by impact
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or torn apart by the gravity of giant planets and then form these natural satel-
lites. Although there is a lack of rigorous evidence, there is certain rationality.
We verified the rationality of the best-fitting distribution by comparing the
distribution obtained through mathematical deduction with the distribution
obtained based on statistical prediction.

In addition, we also demonstrate the application of distributed reasoning
through a practical example. That is to verify that this method can predict
the corresponding physical feature value when data on the Pandora satellite
is missing. We found that the deviation between the predicted value of this
method and the actual value is tiny, so we have reason to believe that the
solution can even be used to help researchers discover new satellites of Saturn
or study giant planetary systems with multiple satellites. Based on the statis-
tical law obtained by the K-S scheme, we can also establish a corresponding
dynamic model from a statistical perspective. For example, the dynamic be-
havior analysis of the Saturn satellite under the variable mass law will soon
appear in our next manuscript.

Appendix

A. Physical Characteristics Data of Saturn’s Regular Satellites
see Table A1

B. Inference Results of Physical Characteristics of Saturn’s Regular
Satellites

see Tables B1-B4
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